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ABSTRACT The linearized theory of spinodal decomposition of binary (AB) mixtures ia extended to a polymer 
mixture where both the A chains and the B chains may be polydisperse. The treatment is based on a dynamic 
generalization of the Flory-Huggins lattice model including vacancies (that model “free volume”), considering 
the limit where the vacancy concentration is small and the system is brought to a state close to the spinodal 
curve. It is shown that in this case the amplification factor R(q)  of the fluctuations with wavevector q has 
the same behavior as in the monodisperse mixture; only the prefactors get renormalized by certain combinations 
of momenta over the molecular weight distribution. Experimental consequences of these results are briefly 
d i e c u s s e d  as well as the related case of unmixing of a monodisperse three-component system (polymer A, polymer 
B1, and polymer B2). 

1. Introduction 
The kinetics of phase separation of fluid binary polymer 

mixtures triggered by the spontaneous growth of concen- 
tration fluctuations (“spinodal decomposition”14) has 
found much recent attention, both e~per imenta l ly~-~~ and 
the~re t i ca l ly .~~-~~  There are two reasons that the study of 
spinodal decomposition in polymer mixtures is particularly 
rewarding: 

(i) For large molecular weights, unmixing proceeds so 
slowly that the initial stages where the concentration in- 
homogeneities are still small are rather conveniently ob- 
served,14-16 and a meaningful comparison with the 
“linearized” theory describing these initial stages then 
should be p o s ~ i b l e , ~ ’ - ~ ~ ~ ~ ~ ~ ~  unlike fluid mixtures of small 
molecules,6 where one practically always probes the 
coarsening behavior occurring at  the later stages of un- 
mixing.a4 

(ii) Due to the mean-field character23*24~30~31 of the un- 
mixing transition in polymer mixtures, there is a well- 
defined initial time regime in polymer mixtures where the 
linear theory should actually be quantitatively 
unlike fluid mixtures of small molecules or solid alloys 
where nonlinear behavior of the concentration fluctuations 
is predicted5 and f0und~9~ already during the earliest stages. 
Thw, a quantitative comparison between theory21-29 and 

e ~ p e r i m e n t ~ - ~  would be very desirable: first, a significant 
experimental check of the theory would show whether our 
current theoretical understanding of the problem is fairly 
complete; second, fitting the theory to the experimental 
data then would yield several interesting microscopic pa- 
rameters characterizing the mixture. 

Unfortunately, such an approach is still hampered by 
the fact that the t h e ~ r y ~ l - ~ ~  always has considered the 
idealized case of monodisperse polymers only, while in 
practice polydispersity of the chains32 must always be 

0024-9297/87/2220-1671$01.50/0 

accounted for. The polydispersity changes the parameters 
describing the static scattering in the one-phase region33 
and the spinodal curve and may have a drastic effect on 
the equilibrium phase diagram, as given by the 
“coexistence curve” (binodal) of the m i ~ t u r e . ~ ~ - ~ ~  The 
present paper now describes an attempt to fill this gap and 
study the effect of polydispersity on the kinetic factors 
entering the theory of spinodal decomposition. 

For monodisperse binary mixtures of A chains (con- 
sisting of NA “Kuhn segments” of size uA) and B chains 
(consisting of NB segments of size gB), it was predicted that 
in the initial stages the relaxation of concentration fluc- 
tuations at wavevector q is described by the “amplification 
factor” R(q) described by 

where S$‘”(q) is a scattering function describing the col- 
lective concentration fluctuations of the mixture and A(q) 
is an effective Onsager coefficient describing the inter- 
diffusion of the chains. Denoting the volume fraction of 
the A segments as 4 and that of the B segments as 1 - 4 
(neglecting “free volume”, the mixture is treated as in- 
compressible), one finds for long wavelengths (q-l ex- 
ceeding the radii of both A coils and B coi1s)21-23~37~38 

-- - 1 

SYYq) 

Here x is the Flory-Huggins parameter,35*38s39 and 2% is 
defined as the second derivative of the enthalpy with re- 
spect to 4, normalized per volume of a Flory-Huggins 
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lattice cell (which we take as unity to simplify our nota- 
tion). Corrections to the gradient energy term (propor- 
tional to q2 in eq 2) due to chain interactionsz3 are ne- 
glected. The kinetic factor A(q)  in the longwavelength 
limit has been obtained asZ3v4O 

h-'(O) = [ N A @ A * ] - ~  [ N B ( ~  - ~ ) D B * ] - '  (3) 

where DA* is the tracer diffusion coefficient of an A chain 
in a B environment and DB* the tracer diffusion coefficient 
of a B chain in an A environment. We note that the 
equation of the spinodal curve is given by 
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hence [S~"(q) ] - '  < 0 in the unstable region inside of the 
spinodal curve for small enough q, and the amplification 
factor R(q)  in eq 1 is positive, leading to an initial expo- 
nential growth of concentration fluctuations. 

Now the static scattering function of polydisperse 
polymer mixtures has already been obtained by 
as 

where the averages and over the chain-length dis- 
tribution are defined in the standard way as32 

N" = P/S, F = $/3 (6) 

and the (unnormalized) moments Nk, k integer, are defined 
in terms of the number nN, of chains of length N i  in the 
system - 

Nk = CnN,N? 
i 

(7) 

The questions to be asked in the present paper hence are 
the following: does the separation of R(q)  into a static part 
[SC,O"(q)]-l and a dynamic part q2A(q) in eq 1 hold also in 
the polydisperse case? If so, what is the generalization of 
eq 3 to the polydisperse case? 

To answer these questions, we formulate in section 2 the 
generalized diffusion equation for a polydisperse polymer 
mixture. Section 3 discusses the time-dependent structure 
factor for quenches leading to the vicinity of the spinodal 
curve. Section 4 discusses a simplified example, where one 
species is assumed to be monodisperse and the other 
species is assumed to be a mixture of two monodisperse 
fractions. Section 5 discusses the application of our results 
to typical experimental cases and summarizes our con- 
clusions. 

2. Diffusion in the  Flory-Huggins Lattice Model 
of Polydisperse Polymer Mixtures 

Following F10ry~~ and Lacombe and Sanchez39 we as- 
sume a lattice model where each cell can be taken by either 
one polymer segment or a vacancy, described by a free 
energy per cell volume (kB is Boltzmann's constant, T is 
temperature) 

mA $iA mB 4iB 
f / k B T  = C - In 4iA + C - In 4iB + 4v In 4v + 

i = 1  NiA i=l NiB 

j ~ i ! & - + ! i ! +  
Figure 1. Schematic illustration of the dynamic Flory-Huggins 
lattice model of a polymer mixture as it is used, for instance, in 
Monte Carlo  simulation^.^^ Lattice sites taken by segments are 
indicated by full dots; lattice sites taken by vacancies are denoted 
by empty circles. A chains are denoted by thick bonds between 
the segments and B chains by wavy bonds. Nearest-neighbor 
interaction energies between segments of the same kind (tu and 
tBe) are denoted by full straight lines and between segments of 
different kinds (em) by broken lines [note that XAB = 2/2(tu + 
~ B B  - 2tm)/kBT, z being the coordination number]. Interactions 
between segments and vacancies ( ~ A V  and tgv) are denoted by 
dashed-dotted lines. Dynamics is introduced into this model by 
random motion of single bonds (at the chain ends), by "crankshaft" 
motions of three neighboring bonds, and by random exchange 
of two neighboring bonds which form an angle of 90°, as indicated 
in the lower part of the figure. These motions must obey the 
excluded volume principle that each site can be taken by a single 
segment only, and the energies c u ,  tm, egg, cAV, and tBV must be 
taken into account by suitable transition probabilities satisfying 
the detailed balance principle with the canonic probability dis- 
tribution in order to guarantee approach toward thermal equi- 
librium. The upper part of the figure illustrates that by suitable 
succession of these random motions a lattice site previously taken 
by an A segment later may be taken by a B segment. 

Here q5iA(B) is the volume fraction of the i-th fraction of 
polymer A (B) of chain length NiA (NiB), we assume there 
are mA (mB) such fractions, and we assume a volume 
fraction 4v of vacancies and allow for three Flory-Huggins 
parameters xm, xAV, and xBV (Le., we assume that the 
interaction energies do not depend on the chain lengths 
and hence are the same for all fractions of a species). The 
vacancies are needed in this context to allow for a dynamics 
in terms of random local motions of the  chain^;*^,*^ see, e.g., 
Figure 1. Since we wish to consider how concentration 
Lnhomogenities relax, we must allow our volume fractions 

..., 4m A, 41B, ..., 4mBB, 4") to depend on the 
position r in the lattice, and we must add gradient energy 
terms in the free energy functional 3, in addition to the 
integral of eq 8 over the whole volume 

2 

[ ~ + i ~ ( r ) 1 2  + " Z V G ) [ V ~ ~ B ( ~ ) I ~ I  (9) 

Here the characteristic lengths ai($) and b,(& must be 
chosen as43 

i=l 

ai($) = b ~ / ( 6 ( 4 i ~ ) ~ / ~ ) 7  
b,($) = Q/(6(4iB)'/ ') ,  for 4v .---+ 0 (10) 

in order that eq 9 is consistent with eq 5. 
Since the total number of chains for each fraction of A 

and B chains and the number of vacancies44 in the model 
are conserved, we have continuity equations 
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In this limit, we linearize all derivatives af/a@ as follows 
..., 4mA , r # ~ ~  , ..., 4m:7 &) describes the equilib- 

rium volume fractions): 

- -  -- - 
A B  

[4jA(r,t) - ?I+ 

+ V.Jp(r,t) = 0, i = 1, ..., mA ( l la )  
at 

a4iB(r7t) + V-JiB(r,t) = 0 i = 1, ..., mB ( l lb)  
at 

at + V-Jv(r,t) = 0 

The current densities of the i-th fraction of polymer A (B) 
are denoted as J?@)(r,t), respectively. The current density 
of the vacancies Jv(r,t) can be eliminated by using the 
relation 

mA mB 
Jv(r,t) = -C JiA(r,t) - C JiB(r,t) (12) 

Consistent with the microscopic picture, Figure 1, that 
there is only direct interchange possible between either A 
segments and vacancies or B segments and vacancies, we 
assume that the driving force for JiA(r,t) [ JiB(r,t)] is the 
chemical potential difference between the respective 
polymer fraction and the vacancies 

i=l  i = l  

i = 1, ..., mA (13a) 

the A? and A? being suitable Onsager coefficients that will 
be discussed below. Now in homogeneous equilibrium the 
chemical potentials piA,  piB, and pv are simply expressed 
in terms of partial derivatives of f  in eq 8 

and hence 

piA - pv = - af - - af i = 1, ..., mA (15a) 
a4iA 

af af 
piB - pv = - - ... i = 1, ..., mB (15b) 

adi 

In the inhomogeneous case, the partial derivatives af/arp 
are to be replaced by functional derivatives 63/64. Thus 
eq 15 gets complemented by terms due to the gradient 
energies in eq 9 

where terms nonlinear in V@ have been neglected since we 
wish to consider small deviations from equilibrium only. 

and similarly for all other derivatives. Inserting eq 16 and 
17 into the set of differential equations following from eq 
11 and 13 

(lab) 
one obtains a set of mA + mB coupled diffusion equations. 
Introduction of spatial Fourier transforms 4iqA(t)  and 
c#~~F(t) of the volume fraction deviations @iA(r,t) - G and 
@?(r,t) - reduces this set of coupled diffusion equations 
to the following set of coupled ordinary differential 
equations@ {4bA(t) (volume)-1/2Sexp(-iqr) [4:(r,t) - 23 
drl 

me 
C MijBB4jjPB(t) + 2b?($)q24iqB(t)) (19b) 
j = l  

and the MijM, Mijm, MijBA, and Mi?B are matrix elements 
of a (mA + mB) x (mA + mB) matrix, defined as follows: 

M = (#E fig) (20) 
with 

We now look for solutions of the type 4iqA(t)  = aiqA 
exp(-Dq2t) and 4iqB(t) = aiqB exg(-Dq2t). In terms of the 
(mA-+ m,)-dimensional vector 6, ($,,A, ..., aamAqA, a1 B, 
..., 4mpqB) this problem amounts to the solution of tke 
equation - 

bfD'$q = 0 

M D  = (#E-'" @ - p )  (22) 

where the I A  and IB are diagonal matrices with the ele- 
ments 
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ZijA = bij[D/XiA($) - 2q2a@)] 

ZijB = Bij[D/XiB($) - 2q2b?($)] (23) 

Hence the possible solutions for the diffusion constant D 
follow from the eigenvalue problem 

Det MD = 0 (24) 

A general and explicit discussion of this problem is possible 
in the limit $v - 0 (incompressible polymer mixture). 
First we look for a solution of eq 24 with D = 0. This 
yields, for q = 0 

- 2XAB = 0 (25) 
1 

mB 

i = l  i = l  

l +  
r ; ; " N i ~ g  C N ~ B Z  

Since in terms of the distribution functions nN,A and nNiB 
of chain lengths NiA and NiB we have (V being the total 
volume of the system) 

= nNi.NiA/V, 4iB = nNFNiB/V (26) 
- - 

and (cf eq 7) 
- 1 mA 

i = l  v i = l  

- mA 

#A = C&A = - nN,f lp  = NA1/V, = m/v 
(27) 

Thus eq 25 can be written as 
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This is the condition for the spinodal curve, consistent with 
eq 5 (remember eq 6 and $? = 1 - 3 if $v = 0). The 
vanishing of D at  the spinodal curve expresses standard 
critical slowing down; inside the spinodal region a negative 
solution for D will yield the amplification rate R(q-0) 
mentioned in eq 1, thus describing spinodal decomposition. 
In the next section, we discuss the eigenvalue spectrum 
that follows from eq 24. 

3. Interdiffusion and Spinodal Decomposition 
near the Spinodal Curve 

Since MD in eq 22 is a (mA + mB) X (mA + mB) matrix, 
the eigenvalue problem eq 24 in general yields mA + mB 

solutions for D. We now discuss the physical 
meaning of these solutions, in the limit bv - 0 where 

hiA($) = riA4V, xis(;) = r iB+V (29) 

As is obvious from Figure 1, polymer motions are frozen 
out in the limit c $ ~  - 0 and hence it is reasonable to assume 
that the Onsager coefficients vanish linearly as & - 0. 
If we now expand 

D = Do + D1& (30) 

we find by expanding eq 24 in a Taylor series in & that 
there is a single solution for D that has Do # 0, given by 

D~ = C riA + C riB (31) 

while all other (mA + mB - 1) solutions for D have Do = 
0. Now a consideration of the resulting eigenvector shows 
that eq 31 is the rate of the density mode (diffusion of 
vacancies against diffusion of polymers irrespective of their 
kind). This mode is of no interest to us here. Disregarding 

mA mB 

i = l  i=l  

Figure 2. Schematic plot of the function EA (a) and its inverse 
CA-I (b) as a function of D1. The origin of the coordinate system 
is indicated by an open circle. Zeros of the functions ZA and ZA-' 
are indicated by dob and poles by broken straight lines. For both 
EA and EA-' only the part near the coordinate origin and the 
part near the largest zero are shown, as E A  has mA poles ip total. 

this solution, we find that D1 is obtained as the solution 
of the following equation: 

2XAB = 0 (32) 

Note that in the limit C$v -+ 0, which we have invoked to 
derive eq 32, there are mA + mB - 1 interdiffusion modes 
D = D1& following from this equation, which hence are 
well separated from the density mode, eq 31. 

For the-moment, we assume that D l / r j A  # ( N . A T ) - l  
# 

(N?P)-l+ 2q2b3$), for all j = 1, ..., mB. Then eq 32 can 
be rewritten as, using eq 10 

+ 2q2a3$) ,  for all j = 1, ..., mA, and also D l / r j  ' 

We now discuss the right-hand side of eq 33, f (D l )  as 
function of D1. The sum CA = C 2 1 [ ( N i A g ) - 1  + q 2 a A 2 /  
(182) - D1/riA]-l has poles at the points D l / r i A  = 
(NiAg)- l  + q20A2/(18$), i = 1, ..., mA, and changes there 
from +m to -m as D1 increases. All these poles are a t  
positive values of D1. In between each pair of poles there 
must be one zero of EA (Figure 2a). When the inverse 
of EA is taken, the role of poles and zeros simply becomes 
interchanged (Figure 2b). The same argument holds for 

inverse. Therefore the function f(D1) = C A - ~  + CB-~ has 
the same qualitative form as CA-l has, Figure 2b, only the 

C B  E CF1[(NiBG)-' + q 2 U ~ ' / ( 1 8 2 )  - D1/I'iB]-' and its 
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number of poles and zeros has correspondingly increased. 
Now the essential point is that there is a single branch of 
f ( D l )  at  negative D1 until the first pole of f ( D l )  which 
occurs a t  positive D1. This implies that eq 33 admits a 
single solution which can change its sign as xAB increases: 
this is the interdiffusion solution that we are interested 
in, with the sign change corresponding to the vanishing 
of D at  the spinodal curve, considered in eq 25-28. This 
point can actually be proven43 by a consideratioz) of the 
eigenvectors resulting from eq 22 as solutions for aq when 
the eigenvalue D is inserted in eq 22 and 23. For these 
eigenvectors, again a systematic expansion in powers of $v 
can be made. It turns out that the eigenvector of the 
density mode is of order G, and hence density relaxation 
makes a negligible contribution to the relaxation of the 
structure factor, which is physically perfectly reasonable. 
The solution of eq 33 for xAB > 0 with the smallest D1, 
which is the solution changing its sign at  the spinodal, 
corresponds to interdiffusion where the currents of all A 
fractions are parallel to each other and antiparallel to the 
currents of all B fractions. The other interdiffusion so- 
lutions (none of which become unstable as the spinodal 
is crossed) correspond to motions where interdiffusion also 
occurs within one species of polymers (e.g., large A chains 
diffuse against short A chains and similarly for the B 
chains). 

Since eq 33 is a highly nonlinear equation for D1, it is 
not possible to derive its solutions analytically in the 
general case. Very close to the spinodal curve, however, 
the smallest solution becomes very small, unlike the 
other solutions, which stay nonzero at  the spinodal and 
in general are not small there. This implies that Dl(l) near 
the spinodal can be found by linearizing eq 33 in D1, which 
yields 
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A physically reasonable limit requires that I'p vanishes 
when 2 - 0, since otherwise eq 13a would yield a non- 
vanishing current JiA in this limit, which is physically 
unreasonable. Actually, this consideration suggests a linear 
relationship between riA and $ and similarly between riB 
and 2 - - - 

(36) 

where yiA and Y~~ are constants staying finite and nonzero 
in this limit. This implies further 

A-'(O) = 

r! = yiA$iA, riB = 4iA - 0, 
c$iB - 0 
- 

I X  

From this equation we see that near the spinodal a sepa- 
ration of the amplification rate R(q)  = -q2&Dl in a static 
part l/S?'(q) and a dynamic part A(q)  indeed holds: the 
second expression in braces agrees with eq 5 when we 
expand it to first order in q2. In fact, our treatment is valid 
only to this order in q2 but not to higher order ih q2, due 
to the use of the gradient square approximation in eq 9. 
In this order, one cannot study the q dependence of A ( q )  
in a consistent way yet; omitting the q2 corrections in the 
first expression in braces of eq 34, we hence obtain A(0) 
as 
A-l(O) = 

and using eq 26, 27, 6, and 7, we find 

In order to proceed further, assumptions have to be made 
on the molecular weight dependence of the effective fric- 
tion coefficients Y~~ and yiB. If all chains are sufficiently 
short, the dynamics can be described by the Rouse model.& 
Then the tracer diffusion constants vary inversely with the 
molecular weight; Le., the friction coefficients are inde- 
pendent of molecular weight 

TiA E YA, Y? a YB, 

Then eq 38 reduces to 

independent of i (Rouse model) (39) 

In comparison with the monodisperse case, eq 3, where DA* 
= $\cIA/NA and DB* = c$VYB/NB, we recognize that mon- 
odisperse and polydisperse cases have the same qualitative 
structure: only the friction coefficients YA and YB are 
"renormalizedn by the factors NAw/NBz  and NBw/NBz, 
which typically are of order unity. 

A similar simple structure results if all the chains are 
so long that the reptation model4e applies to all the frac- 
tions. Then the tracer diffusion constants vary inversely 
with the square of the molecular weight. This behavior 
implies that the friction coefficients vary inverse propor- 
tionally with the molecular weight 

-- -- 

(41) 
where YA' and YB' are effective friction constants and d A  
and d B  effective "tube diameters". If one would choose YA' 
= YA and YB' = yB, then the crossover between eq 40 and 
41 would occur exactly for such chain lengths where the 
end-to-end distances RiA and RiB are equal to the tube 
diameters, since RiA = aA(NiA)l/' and RiB = U B ( N ~ ~ ) ' / ' .  Of 
course, near this crossover region the precise behavior of 
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yiA and Y~~ is described neither by eq 40 nor by eq 41, and 
then eq 38 cannot be easily evaluated. Only if the mo- 
lecular weights are large enough that eq 41 holds for all 
i do we get again a simple expression, namely 
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fusion mode Dl(') in eq 34 and use eq 38-42 for describing 
the relaxation also when fluctuations are being taken into 
account. 

4. Special Cases: A Monodisperse Polymer 
Mixture with an Arbitrary Fraction of Vacancies 
and a Polymer Mixture where A is Monodisperse 
and B Contains Only Two Fractions 

From the preceding section it is evident that even within 
the framework of the (certainly o~ers impl i f ied~~~~)  dynamic 
version'of the Flory-Huggins lattice model interdiffusion 
and spinodal decomposition can be treated only in rather 
restrictive limits: the vacancy concentration must nearly 
vanish, ijV - 0, and also we can consider only the close 
vicinity of the spinodal curve. On the other hand, due to 
fluctuations neglected in mean-field theories, the Flory- 
hug gin^^^ approach is not accurate in the very close vi- 
cinity of the spinodal curve (in a region of width propor- 
tional to N-1/3 in a symmetric polymer mixture where NA 
= NB);23124 in particular, the linearization eq 17 is not valid 
there. 

Thus it is of interest to consider special cases where 
these restrictive limits can be relaxed. The simplest case 
is a monodisperse polymer mixture containing an arbitrary 
fraction of vacancies. It turns out that this case is fully 
analogous to eq 19: rather than the sums 
we now have single terms; i.e., the matrices M", MAB, 
MBA, and MBB reduce to scalars. The explicit form of eq 
19 then is 

and 

Again the factors that appear in the monodisperse case 
bfmelY aA'NA/ (?'A'~A%A) and ~B'NB/ (?'B'~B'&)] are only 
changed by ratios of the momenta of the molecular weight 
distribution, i.e., constants of order unity. A discussion 
of quantitative examples for these effects is deferred to 
section 5. 

Here we return to the description of the relaxation of 
the volume fractions 4iqA(t) and 4iqB(t) and emphasize that 
this results in a description of spinodal decomposition on 
the Cahn2 level: thermal fluctuations in the state a t  tem- 
perature T to which the quenching experiment leads are 
neglected; one only considers the amplification of fluctu- 
ations existing at  temperature To where the quench was 
started (Figure 3). Since often there temperatures are not 
very different from each other (it is also possible that To 
< T,  if one has a system with a lower critical consolution 
point), this Cahn level of the theory is often not realistic. 

it now is standard p r o ~ e d u r e ~ ~ ~ ~ ~  to 
account for fluctuations by adding a random force eiqA(t) 
and eiqB(t) to the right-hand side of eq 19. This random 
force satisfies the relations 

Following 

and mixed correlations ( BiqA(t)ejqB(t')), are also assumed 
to vanish. The strength of these random forces is deter- 
mined by the conditions 

(Comparing eq 44 to the monodisperse case [eq 2.14 of ref 
231, one should note that in eq 2.14 of ref 23 a factor of 
2 was erroneously omitted.) The choice eq 44 ensures that 
eq 19 supplemented with the random force terms is con- 
sistent with the correct static equilibrium, as described by 
the structure factor S$'"(q), eq 5. If we calculate now 
dynamic structure factors ( 14qA(t)12) = xij( 14iqA(t)4jPA- 
(t)I2),, which describe the time evolution of the scatterlng 
intensity observed after the quenching experiments 
sketched in Figure 3, we find one term relaxing propor- 
tional to exp(-2q2&Dl(')t) analogous to the interdiffusion 
term considered in the monodisperse ~ase , '~ , ' ~  but in ad- 
dition there are also terms relaxing with the other eigen- 
values Dl("), the spectrum following from eq 33, such as 
exp[-q2&,(Dl(") + D,(")')t]. For a quantitative description 
of the structure factor, also the eigenvectors belonging to 
the eigenvalues Dl(") and Dl(") would be needed, which we 
have not been able to calculate explicitly. Again, however, 
we can make the point that for quenches leading in the 
close vicinity of the spinodal curve the rate of the inter- 
diffusion term, 2lDl(')1, is very much smaller than any other 
rate Dl(v) + Dl("'), where either v # 1 or v' # 1. Conse- 
quently on the time scale of interest, where 2q2&lDl(l)lt 
is of order unity, all other relaxation has died out, and we 
recover a single-exponential relaxation again. In this spirit, 
it makes sense to restrict the discussion to the interdif- 

When 4$(t) = p$ exp(-Dq2t) and $,B(t) = pp exp(-Dq2t) 
is written, eq 45 yields a quadratic equation for D, which 
is solved by 

Now for 

the two solutions of eq 46 simply become 



Macromolecules, Vol. 20, No. 7, 1987 Phase Separation in Polymer Mixtures 1677 

Since eq 45 implies that the ratio qqB/qqA is given by 

we find from eq 48 that for D = D, we have pqB/qqA = 
XB/XA > 0 while for D = D- we have qqB/qqA = -1. As 
expected, D+ is the density mode already identified also 
in the polydisperse case [cf. eq 29 and 311, and D- is the 
interdiffusion mode &D1(') identified in eq 34-42. While 
in the polydisperse case we have needed >> &/ NAi and 
$7 >> &/NBi to derive eq 34-42 and hence the limit $v - 0 needed to be invoked, eq 48 needs only the much less 
stringent condition eq 47, which for large N A  and N B  is 
always true, except for $A -+ 0 or $B - 0. Equation 48 
has been anticipated in earlier Using eq 29 and 
36, we find that eq 48 can also be written in terms of the 
friction coefficients YA and YB 

We emphasize that eq 46-50 do not imply that we consider 
states very close to the spinodal. 

Next we consider the case where A is still monodisperse 
but B contains two fractions, B1 and Bp Now D is ob- 
tained as a solution of the cubic equation 

q2aB2 q2aB2 D - 1 -+-+-+=--- 
N2B42B 1841B 1842B X I ~ ( &  . 

For the generalization of eq 47, namely, $A >> $ v / N A ,  @ 
>> &/NIB, and >> &/NZB, we may express the ei- 

I I 

Figure 3. Schematic phase diagram of a polymer mixture with 
a critical point of unmixing occurring at a volume fraction d p  
and the value xait of the (temperature-dependent) effective in- 
teraction parameter x .  Also, three types of quenching experiments 
(i), (ii), and (iii) from an initial state at temperature To to other 
states at a temperature T are indicated. 

genvalue spectrum resulting from eq 51 as follows: D = 
Do or D = &D1, with 

D, = rA + rlB + rzB (524 
D1(1,2) 

[s, 7 (s12 - 4s2(rA + rlB + rzB))1/2~ 1 
2(rA + rlB + rzB) 

where we have defined the abbreviations SI and S2 

The brace in S2 is positive in the one-phase region and for 
q = 0 changes sign at  the spinodal. It is easy to see that 
only the smaller of the two solutions of eq 52b, Dl(l), 
changes sign there, while D1(2) always is positive, in con- 
formity with the general considerations of the previous 
section. When xAB is sufficiently large, Le., for deep 
quenches far below the spinodal, also S1 becomes negative, 
and hence the interference term in the structure factor, 
relaxing with a factor exp[-q2$v(D1(1) + D1(2))t] = exp- 
[-q2$vS1t/(rA + FIB + I'2B)], then is an exponentially 
growing term. This behavior is qualitatively different from 
the monodisperse case, where we have always a single- 
exponential growing term only. Note, however, that the 
theory described here is valid only if qfrit, where l/S~"(q) 
in eq 2 and 5 changes sign, satisfies the conditions 

conditions are no longer satisfied, corrections to the gra- 
dient square approximation in eq 9 are important.33 This 
fact prevents the application of the present theory to very 
deep quenches. 

QfritUA2NA 6 1, &UB2NlB 5 1, and 5 1: if these 
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S y s t e m  1 - - - System 2 In the present example, it is also straightforward to 
determine the eigenvectors that belong to the three ei- 
genvalues of D, namely Do, &Dl(l), and &Dl(2) (eq 521, and 
to verif3P3 the comments given about this problem in 
section 3. In particular, the eigenvector belonging to D1@) 
indeed corresponds to relaxation of concentration between 
the two fractions B1 and B2, together with relaxation be- 
tween A and B. 
5. Application to Experiment and Concluding 
Remarks 

In most real systems the distribution of the polymeri- 
zation index N,  (number of monomers per chain) can be 
well approximated by continuous distributions such as the 
"lognormal d i s t r ibu t i~n"~~  
n m  (Nm) = 

where NM is the median of the distribution, u characterizes 
its width, Y is determined from the normalization con- 
dition S&JN,) CW, = 1, and A is a parameter. Practical 
examples show that typically the choice A = 0 {where Y 
= exp(u2/2)), the so-called "Lansing-Krher distribution", 
is a p p r ~ p r i a t e . ~ ~ , ~ ~  

In the previous sections, however, we have considered 
a subdivision of the chains into N subunits (Kuhn seg- 
ments) of size u rather than into the N ,  monomers (of size 
b). Since each subunit contains n, monomers and the 
end-to-end distance satisfies the relation 

( 5 5 )  
where C is a constant depending on the detailed structure 
of the polymer, we can conclude 

N = N,/ns, u2 = n,b2C (56) 
Thus each (integer) value of N actually corresponds to n, 
polymerization indices N,  in the interval from nJV - n,/2 
to nJV + n,/2 - 1. For reasonably smooth distributions 
n,(N,) such as eq 54 we may neglect the variation of n, 
inside such an interval and take all these n, values equal 
to As a consequence, the chain-length distribution 
n N  considered in eq 7 and 26 is obtained in terms of the 
distribution n,(N,) of the polymerization index as 

( R 2 )  = Nu2 = N,b2C 

nN = n,n,(N,) (574 
which implies the relation for the moments (using eq 56) 

From eq 57b and 56 it is easy to see that the "kinetic 
prefactor" of the diffusion coefficient neither in the case 
of the Rouse model (eq 40) nor in the case of the reptation 
model (eq 42) depends on the number n, of the monomers 
per subunit: we have - -  - -  

W/Nw = N,"/N," (584 

This result is physically reasonable, since the choice of 
subunits in the Flory-Huggins theory contains some ar- 
bitrariness; by the help of eq 58 the Onsager coefficient 
A(0) can always be expressed directly in terms of physically 
meaningful well-defined quantities. 

As an example, Figure 4 shows the ratio [A(0)],l,/ 
[h(0)],ono, using three choices of the ratio YA/YB or 7 A f / 7 B f ,  

a 

< 
Y 

1.00 
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.90 

.a5 

.80 

.75 

___ System 1 - _ -  System 2 
1.00 7- 

- 4 0  

0 . I  - 2  - 3  . 4  e 5  .b e 7  .8 .9 i.0 

0, 
Figure 4. Concentration dependence of the ratio between the 
Onsager coefficient h(0) for the polydisperse case (eq 40, for the 
Rouse model, and eq 42, for the reptation model) and the Onsager 
coefficient in the monodisperse case (eq 3). Full and broken curves 
refer to two samples of PSD as described in the text. Case (a) 
refers to the use of the Rouse model and case (b) to the use of 
the reptation model. Note that the different symbols denoting 
the concentrations at which eq 40 and 42 were evaluated only serve 
to distinguish the various ratios of ~ ~ 1 7 ~ .  

respectively, and data for the moments are chosen from 
fits of eq 54 to a measured sample51 of poly(viny1 methyl 
ether) (PVME) representing polymer A and two different 
samples51 of deuteriated polystyrene (PSD) as polymer B. 
These samples could be well fitted by the parameters NM 
= 390.7 and u = 1.18 (PVME), NM = 585 and Q = 0.17 
(PSD, sample l), and NM = 1725.4 and u = 0.22 (PSD, 
sample 2) in the Lansing-Kramer distribution. It is seen 
that this ratio of the Onsager coefficients is always less 
than unity; on the PSD-rich side this reduction is about 
a factor of 2, since the PVME sample is very polydisperse, 
while on the PVME-rich side the reduction is only a few 
percent. Note that in this figure we have neglected any 
intrinsic concentration dependence of the friction param- 
eters 7A and Y ~ ,  of course; in real systems such concen- 
tration dependences often cannot be neglected, however. 
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For example, usually the glass transition temperatures of 
the two partners of a polymer mixture may differ sub- 
stantially, and thus a concentration dependence of the 
glass transition temperature Tg(4) arises. Now the intrinsic 
bead mobilities and hence the friction coefficients depend 
very strongly on the temperature distance from the glass 
transition t e m p e r a t ~ r e . ~ ~ . ~ ~  These effects may be much 
more important than the concentration dependences re- 
sulting from polydispersity, as analyzed in the present 
work. Therefore, the experimental study of the concen- 
tration dependence of the interdiffusion coefficient is still 
somewhat c o n t r o ~ e r s i a l . ~ ~ - ~ ~  The theoretical situation is 
not completely clear either, because one may have doubts 
on the conditions under which the present vacancy model 
is applicable to polymer m i ~ t u r e s , ~ , ~ ~ ~ ~ ~  and other as- 
s ~ m p t i o n s ~ ~ ~ ~ ~ ~ ~ ~ - w h i c h  seem hard to prove also, 
however-lead to different results. Note, however, that 
all other theoretical work on interdiffusion has only con- 
sidered monodisperse polymer mixtures so far, and hence 
a quantitative comparison of the results of ref 41 and 55 
to most real data is doubtful already for that reason. For 
an experimental check on the foundations of the present 
theory it would be most useful to use a system where 
monomeric mobilities are independent of con~ent ra t ion~~ 
and to characterize the system very carefully such that 
effects due to the concentration and temperature depen- 
dences of xm could be corrected for. A most stringent test 
of the theory is provided,s6 if measurements on the rate 
R(q)  at  constant temperature and constant distance from 
the spinodal xAB - xABBP are made for variable ratio 
Nmz/Nmw. This seems possible in principle by working 
with "tailored" molecular weight distributions produced 
by suitable mixing of fractions such that stays fixed; 
cf. eq 5. 

More definite are our conclusions on the effect of po- 
lydispersity on qZrit, i.e., the wavevector where R(q)  in eq 
1 changes sign. Defining an effective Flory-Huggins pa- 
rameter x' relating to a monomer instead of x = xAB in eq 
5 relating to a segment, we have to choose x' = X/nS; hence 
in terms of moments over the molecular weight distribu- 

-- 
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System 1 _ _ _  System 2 

Y 
--.__ - 

tion Nhz, Nh", NBmZ,  and NBmW we obtain 

where in eq 55 we have allowed for different constants bA, 
bB, CA, and CB for the two types of chain but have chosen 
n, the same for both chains. Figure 5 shows a plot of 
(q&iJpolydis me/ (qZriJmondiperse $At where the molecular 
weights ofihe monodisperse case were chosen to match 
the weight averages of the polydisperse case, N h  = NAmw 
and NBm = NBmW, so that the thermodynamic factor 2x' 
- (4NAmW)-' - [ ( l  - q5)NBmW]-' is exactly the same as the 
corresponding factor in the monodisperse case. Of course, 
Figure 5 makes sense only for this region oft$ where this 
thermodynamic factor is positive (i.e., inside the spinodal). 
Again the same data on PVME and PSD as in Figure 4 
have been used. It is seen that polydispersity has the effect 
of reducing the characteristic wavevectors somewhat and 
needs to be taken into account if one wishes to quantita- 
tively analyze experimental data on such as provided 
in recent work.15J6,57 

As a practical example, let us discuss the recent ex- 
periment by Hashimoto et al.,5' where a mixture of PS and 

- 
- 

- - 

1.00 , 
L 

t 
.TO l ~ ~ ' " ' " ' " ' " ' ~ ' " ' ' ' ~  ! " " ' ' ' ' " ' ' ' ' l ' ~ ' ~ i " ' ~  

*A 

Figure 5. Plot of (q~rit)polydiapsne/(q~it)monodisperse VS. #A. The full 
curve refers to PSD sample 1 and the broken curve to PSD sample 
2, as described in the text. 

PVME was studied, with molecular weights MEs = 2.0 X 
lo5 (Mw/Mn = 1.05) and xvME = 4.7 X lo4 (Mw/Mn = 1.1  
at  @A = #pVME = 0.8. Hashimoto et al. quote that RPVM 

= 129 A. Hashimoto et al.57 measure qm2 the position of 
maximum growth rate, for several quench depths, and 
compare their data to theoretical predictions21 for a sym- 
metrical monodisperse mixture. They observe that typi- 
cally the experimental qm is a factor of about 2.2-2.6 
smaller than the theoretical one. Since qm2 = (1/2)q$t, eq 
59 implies in terms of the gyration radii 

-m 
= ( b ~ ' C ~ v / 6 ) ' / ~  = 97 8, and RFr = (~B~CBNB,"/~)'/~ 

Since the value of x' where the bracket in the numerator 
of eq 60 vanishes defines the spinodal x8), we can rewrite 
eq 60 as 

For a symmetrical monodisperse mixture, we have for a 
critical quench +I = 1 - +I = 1/2, and we would obtain from 
eq 61 the standard result2' 

However, using the data quoted by Hashimoto et al.57 and 
the molecular weights of the PVME monomer3' (58) and 
the PS monomer32 (104) to find RFpVMEm = 811, PPSm = 
1924, we can evaluate the right-hand side of eq 61 if we 

- 
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(9) Gelles, R.; Frank, C. W. Macromolecules 1982, 15, 1486. 
(10) Hashimoto, T.; Kumaki, J.; Kawai, H. Macromolecules 1983, 

16, 641. 
(11) Snyder, H. L.; Meakin, P.; Reich, R. Macromolecules 1983, 16, 

757; J.  Chem. Phys. 1983, 78, 3334. 
(12) Snyder, H. L.; Meakin, P. J. Chem. Phys. 1983, 79, 5588. 
(13) Snyder, H. L.; Meakin, P. J. Polym. Sci., Polym. Symp. 1985, 

73, 217. 
(14) Hashimoto, T.; Izumitani, T. J. Chem. Phys. 1985,83,3694. 
(15) Okada. N.: Han. C. J.  Chem. Phvs. 1986. 85. 5317. 

make the further assumption that eq 54 holds for the 
samples, since then NZIW = M,/M,, {this assumption 
should be checked experimentally, if a very accurate com- 
parison between theory and experiment is desired). In the 
present example, eq 61 then yields 

_ _  

which implies that the actual q m  should be a factor of 1.32 
smaller than the symmetrical one. Since Hashimoto et al.57 
normalize qm with an arbitrarily chosen Ro = 110 A instead 
of RL-, the factor in between the actual normalized qm 
and the symmetrical one should be 1.17, in disagreement 
with the observation. 

However, in contrast to the suggestion of Hashimoto et 
al.,57 we feel that it is not clear whether their experiment 
does point toward any serious deficiency of the theory for 
the initial stages of phase separation. One should also keep 
in mind that further uncertainties are involved in esti- 
mating the quantity (x’ - xl)/xi, since in this mixture the 
temperature and concentration dependence of x’ is difficult 
to understand.6s In fact, the value of xl implied by eq 60, 
x l =  0.002 07, is not in agreement with the expression x’ 
= 0.051 25 - 21.27/T quoted by Hashimoto et al.,57 who 
state that the temperature of the spinodal is T, = 427 K, 
which would imply x: = 0.0015. 

Finally, we emphasize that the present discussion of 
polydispersity effects on phase separation was strictly 
restricted to the very early stages where the linearized 
theory of spinodal decomposition can be applied. Clearly, 
a study of polydispersity effects on nucleation phenomena 
and on the late stages of phase separation is very inter- 
e ~ t i n g 5 ~ ~ ~ ~  but is beyond the scope of the present work. It 
is already quite clear that the present dynamic Flory- 
Huggins model due to its neglect of hydrodynamical effects 
would not be applicable to the late stages of spinodal de- 
composition in polymer blends; careful experimental work 
will be required to decide whether the present theory can 
account for the early stages quantitatively and to settle 
the various theoretical questions on the appropriate 
modeling of interdiffusion in polymer mixtures. Last, we 
also draw attention to polydispersity effects on viscosity 
and self-diffusion coefficients in pure one-component 
systems rather than mixtures, which are nontrivial to un- 
derstand particularly for the reptation model.60 
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ABSTRACT The nonlinear viscoelasticity of an entangled polymer may be represented by a function h(t,y) 
= G(t,y)/G(t,O), where G ( t , y )  is the relaxation modulus a t  the magnitude of shear y. The function h(t,y) 
is unity a t  t = 0, decreases with time, and levels off a t  a time 7 k  independent of y to a value h(y ) ,  which is 
well compared with the prediction of the tube model theory for polymers with sharp molecular weight 
distributions. Here we measured the function h(t,y) for semidilute polystyrene solutions containing polymers 
with molecular weights MS and ML (>Ms) by mass concentrations cs and cL, respectively; 10-4ML = 842 or 
448; 20 I 10dMs I 289; cL = 0.038 g cm-3 and 1 I cs/cL 5 2.6. When ML 2 4.7Ms the characteristic time 
7 k  was determined by ML and the total concentration, cs + cL, and was independent of Ms or cL/cs. This 
result may be consistent with the prediction of the tube model theory. When Ms was smaller than the 
entanglement molecular weight corresponding to the total concentration, the nonlinear function h ( y )  was 
equal to that of monodisperse polymers. When Ms was larger, h(7) was larger than expected. The result 
may imply that the short chains have more effect than retarding the overall motion of long chains even at  
times much longer than the relaxation time of the short chains. 

Introduction 
The effect of molecular weight distribution (MWD) has 

long been one of the difficult problems in the study of 
polymer viscoelasticity.1 Recent development in the theory 
of polymer chain entanglement based on the tube model2-" 
has given a big impact on this problem and the effect of 
MWD on linear viscoelasticity is now studied in connection 
with the molecular motion in entangled systems."13 It is 
hoped that studies of polymers with a bimodal MWD (Le., 
a blend of two samples with different molecular weights) 
may be used to  assess the assumptions of the theoretical 
model of entangled polymer and to attain a better un- 
derstanding of molecular motion. As for the nonlinear 
viscoelasticity, the tube model theory gives a simple de- 
scription of the effect of varying strain on the relaxation 
modulus based on the molecular motion after an instan- 
taneous deformation of the entangled p01ymer.~~~ There 
are a few attempts to modify the theory to include the 
effect of MWD.14J5 On the other hand, experimental 
studies have mostly been concerned with the flow prop- 
erties a t  a constant rate of shear.16 Even the result of 
elaborate studies on polymers with a bimodal MWD17J8 
is not very convenient for analysis under light of the new 
theory of entanglement. The purpose of the present study 
is to provide data of the strain-dependent relaxation mo- 
dulus for solutions of polymers with a bimodal MWD. The 
strain-dependent relaxation modulus, G(t,y), is the ratio 
of the shear stress to the magnitude of shear, y, applied 
to the material a t  time t = 0. The limit at t - 0 of G(t,y) 
is the linear relaxation modulus, G(t). We define two 
functions to represent the nonlinear behavior 

h(t,r) = G(t,r)/G(t) (1) 
h(y )  = lim h(t,r) (2) 

t-- 

According to the tube model the gross shape 
of a polymer chain varies in two processes, the equilibra- 
tion process of the fluctuation of chain contour length and 
the reptation process. The characteristic times, TB and TC, 
of the respective processes vary with the number of en- 
tanglement per chain, N ,  as f o l l o w ~ : ~ ~ J ~ ~ ~ ~  

TB a TAW (3) 

rc  a (4) 

where T~ is the relaxation time of an entangled strand. In 
most cases, TC is much larger than TB. On application of 
a large strain to the material?,* the chain is elongated and 
oriented to a certain direction on average. The tensile force 
along the chain relaxes as the contour length equilibrates 
and accordingly a large portion of stress relaxes with the 
characteristic time iB. At times sufficiently longer than 
TB, the relaxation modulus is predicted to be factored as 

The succeeding relaxation is caused by the reptation, or 
the disengagement of the chain from the oriented tube 
region, with the characteristic time rC. The function h(y )  
can be calculated from the increase of chain contour length 
on deformation of the material and is independent of the 
material. The predicitions are in good accord with the 
observation for polymer solutions with sharp  MWD,21-26 
as explained below. 

A typical example of G(t,y) is shown in Figure 1 for a 
solution in Aroclor 1248 of a polystyrene with sharp MWD: 
M = 2.89 X lo6 and c = 0.076g at 30 "C. The curves 
at the bottom represent the function h(t,y). The G(t) 
values in the long-time range marked C can be fitted with 
an asymptotic equation 

G(t) = G1 exp(-t/T,) (6) 

G(t ,y)  = G(t)h(r) (t >> TB) (5) 
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